Hexagonal BC 2 N is a superhard material recently identified to be comparable to or even harder than cubic boron nitride (c-BN) due the full 3 bonding character and the higher number of C-C and B-N bonds compared to C-N and B-C. Using a first-principles approach to calculate force constants and an exact numerical solution to the phonon Boltzmann equation, we show that BC 2 N has a high lattice thermal conductivity exceeding that of c-BN owing to the strong C-C and B-N bonds, which produce high phonon frequencies as well as high acoustic velocities. The existence of large group velocities in the optical branches is responsible for its large thermal conductivity. Its coefficient of thermal expansion (CTE) is found to vary from 2.6×10 −6 /K at room temperature to almost 5× 10 −6 /K at 1000K. The combination of large thermal conductivity and a good CTE match with that of Si, makes BC 2 N a promising material for use in thermal management and high-power electronics applications. We show that the application of compressive strain increases the thermal conductivity significantly. This enhancement results from the overall increased frequency scale with pressure, which makes acoustic and optic velocities higher, and weaker phonon-phonon scattering rates.
Introduction
Supermaterials can deliver extreme performance across a variety of applications. In particular, diamond, a covalent insulator with simple electronic and lattice structures, has long been known as one of the hardest [1] and highest thermally conductive materials [2, 3, 4] on earth due to its strong 3 covalent bonds and the light mass of carbon atoms. However, its inherent shortcomings such as brittleness, oxidization, and reaction with iron, and difficuly in synthesis, restrict its practical applications to some degree [5, 6] . As a consequence, the pursuit of superhard thermally conductive materials with desirable properties is an recurring theme in condensed matter physics and materials science. Boron and Nitrogen are the adjacent elements to Carbon and have a similar atomic radius. Their binary phases or elemental solids containing B or N dopant exhibit excellent mechanical performance and high stability. For instance, cubic BN with an acceptable hardness value shows better chemical and thermal stability (approximately 1650 K) and ductility in comparison with diamond [7] . In terms of its thermal performance, experimental and theoretical studies have been conducted to investigate thermal transport in both naturally occurring and isotopically pure c-BN, revealing that it possesses one of the highest thermal conductivities reported but lower than that of diamond. Recently, Lindsay et al. [8] , and S.Mukhopadhyay et al. [9] estimated similar room temperature values of (2145 and 2113 W/m-K for from firstprinciples calculations based on a real space approach and DFPT, respectively. These were greater than the experimental value of 1300 W/m-K [10] (due to the absence of scatterings from boundaries and impurities), and lower than the reported value for diamond (> 3000 W/m-K) using a similar approach [11] . However, the hardness of c-BN is only in the range of 46-66 GPa [12, 13, 14, 15] , much lower than that of diamond which is 100-160 GPa [15] . More recently, Chakraborty et al. [16] revealed that Hexagonal diamond (h-C) and wurtzite boron nitride (w-BN) are two superhard materials comparable to or even harder than their cubic counterparts, cubic diamond (c-C) and cubic boron nitride (c-BN). By using first-principles calculations, they also estimated their lattice thermal conductivity ( ) exceeding the overall thermal conductivity of metals, albeit lower than that of their cubic counterparts due to their larger volume of threephonon scattering phase space. Therefore, the search for new superhard thermally conductive materials with properties comparable or even superior to those of diamond is still an intriguing and long-standing endeavor. Similarities between diamond and cubic boron nitride (c-BN), such as their closely matched lattices, high melting temperatures (>3000 K), large bulk moduli, high thermal conductivity, and similar thermal-expansion coefficients, motivate the expectation that zinc-blende-structured cubic boron-carbonitride (c-BCN) compounds may form new superhard and superabrasive materials. Therefore, considerable efforts have been devoted to synthesizing various B-C-N compounds with covalent and rigid network lattices under high pressure and temperature.
Up to now, several successful syntheses of ternary B-C-N compounds (e.g., BCN [17, 18, 19, 20] , c-BC N (x=0.9-3.0) [21] , BC 2 N [22, 23, 13, 12, 24, 25, 15, 26, 27] , BC 4 N [28, 29, 12] , and BC 6 N, B 2 CN [30] ) have been achieved by using different methods such as chemical vapor deposition [19] , solvothermal method [18] , chemical process method [29] , high temperature and high pressure (HTHP) method [12, 13, 15, 22] , mechanical milling method [24] , spark plasma sintering [17] , and shock-compression method [23] . Among them, BC 2 N has drawn extensive attention since it has been expected to be thermally and chemically more stable than diamond and harder than c-BN. The measured Vickers hardness of the recently synthesized c-BC 2 N reached 76 or 62 GPa [13, 15, 12] indeed higher than c-BN. However, the determination of its structure becomes rather difficult owing to the small and similar atomic masses of B, C, and N. This inspires theoretical researchers to resolve this challenging problem [31, 32, 33, 34, 35, 36, 33, 37, 38] . For instance, on the theoretical side, many different crystal forms were proposed, e.g. zinc-blende structures [39, 40, 41] 
, the short period (C 2 ) (BN) (111) superlattices [45, 46, 47] , and tetragonal (t-) BC2N [48] . Among the proposed structures, z-BC 2 N [43] is constructed from the sixteen-atom supercell of diamond and its XRD spectrum agrees with the experiment data [13] very well, and generally superlattices [45, 46] have among the lowest energies. The t-BC2N phase was predicted to be another candidate because the estimated Vickers hardness and the simulated XRD and Raman patterns were in excellent agreement with the experimental results [48] .
Recently, Q.Li et al. [49] proposed a rhombohedral structure with R3m-2u symmetry as the best candidate for the superhard BC 2 N by the ab initio evolutionary algorithm using USPEX code [50, 51, 52] , which well reproduced the experimental x-ray diffraction (XRD) and energy-loss nearedge spectroscopy (ELNES) patterns. They revealed that this structure has lower energy in comparison with earlierproposed structures e.g struc-1, BC 2 N-w3, z-BC 2 N, and BC 2 N 1 × 1 and BC 2 N 2 × 2. They also demonstrated that earlierproposed high-density and low-density forms are likely from this single rhombohedral phase. The theoretical hardness of R3m-2u BC2N is 62.1 GPa, in excellent agreement with the experimental value of 62 or 76 GPa, which exceeds that of c-BN (58.6 GPa) measured by the same method.
More Recently, L.Liu et al. [53] proposed R3m BC 2 N with the second highest hardness value of 71 GPa through first-principles swarm structure calculations. The simulated X-ray diffraction patterns, K-edge spectra, and hardness value of R3m BC 2 N well matched with the experimental measurements. Moreover, they revealed that this structure is more stable than the earlier proposed BC 2 N phases, e.g., P4cc, Pmm2, P421m, and P42m phases. This proposed structure is displayed in Fig. 1 and the lattice is characterized in table 1. It consists of a superposition of buckled layers of honeycomb C and hexagonal B-N. As it can be seen, the two kinds of honeycomb layers are interconnected through C-N and C-B bonds. Moreover, the B or N atoms in the B-N layer project at the center of the carbon hexagonal rings Fig.1 . This structural character effectively avoids the formation of B-B and N-N bonds. The presence of a pure C honeycomb layer, containing strong C-C bonds, obviously indicates that the predicted BC 2 N is the high-density phase. Its unusual hardness can be attributed to the full 3 bonding character and the higher number of C-C and B-N bonds compared to C-N and B-C. Liu et al. also showed that R3m BC 2 N has a wide indirect electronic band gap around 5.0 eV by using the Heyd Scuseria Ernzerhof (HSE) screened hybrid functional [53] . This is slightly smaller than the band gap value (5.47 eV) of diamond. Nonetheless, the thermal properties of BC 2 N were not calculated, inspiring us to investigate its thermal conductivity . Ab initio calculations based on Boltzmann transport theory in combination with density functional theory (DFT) have demonstrated accuracy in describing thermal conductivity of a variety of bulk materials [54, 11, 55, 56, 57, 58] and 2D structures [59, 60, 61] .
So, in this study, we calculated the force constants using ab initio methods, and solved the Boltzmann equation to investigate the thermal conductivity of the most energetically stable structure (R3m) BC 2 N reported so far and compare it to diamond and c-BN.
Moreover, as ultrahard materials are usually used under high-pressure conditions, we also systematically studied how uniaxial, biaxial and hydrostatic pressure affect thermal transport in this material.
Computational Methods
The ab initio determination of thermal conductivity and phonon scattering rates are enabled by obtaining geometry and interatomic force constants (IFCs) from density functional theory (DFT) calculations and solving the linearized Boltzmann transport equation (BTE). BC 2 N with R3m space group has been found to be the most energetically stable structure reported so far. In this work, we perform first principles calculations by using the Quantum Espresso [62] code with the generalized gradient approximation (GGA) and the PBEsol exchange-correlation functional and by using ultrasoft pseudopotentials. All atoms were fully relaxed with a kinetic-energy cutoff of 80 Ry and a 20 × 20 × 4 Monkhorst-Pack k-mesh until the Hellmann-Feynman forces on them were less than 10 −6 Ry/Bohr. The applied compressive pressure was simulated by decreasing the lattice constant and relaxing the atoms in the smaller volume structure. The harmonic and anharmonic interatomic force constants (IFCs) were obtained based on the direct supercell approach. The harmonic IFCs were calculated using a 4 × 4 × 1 supercell with a 5 × 5 × 4 Γ-centered Monkhorst-Pack k mesh by using the Phonopy package [63] . Anharmonic IFCs were calculated using 50 Ryd kinetic-energy cutoffs and gamma point calculations with 4 × 4 × 1 supercells, and the cutoff for cubic IFCs was considered up to the seventh nearest neighbors. After obtaining the second-order harmonic and thirdorder anharmonic IFCs, the thermal conductivity of naturally occurring isotopic and hypothetical isotopically pure hexagonal BC 2 N were calculated on a converged q-space grid 18 × 18 × 3 by iteratively solving the phonon Boltzmann transport equation as implemented in the Sheng-BTE software package [64] . Within the framework of the BTE [65] , and the relaxation time approximation (RTA) the phononic thermal conductivity tensor ( ) can be expressed as:
where and are the Cartesian directions, comprises both a phonon branch index and a wave vector , is the absolute temperature, is the volume of the unit cell, is the number of points in the Brillouin zone, ℏ is the reduced Planck constant, and are the angular frequency and group velocity of phonon mode respectively, is the equilibrium Bose-Einstein distribution function. The inverse of the phonon lifetime in the relaxation time approximation (RTA) is equal to the total scattering rate, which is a sum of the anharmonic scattering rates and the isotope scattering rate. The scattering matrix elements ± ′ ′′ appearing in the relaxation rates are essentially the Fourier coefficients of the third-order interatomic force constants, rotated to the phonon eigenmode basis. The so called âĂĲweighted phase spaceâĂİ W is defined as the sum over terms involving frequencies in the expression of three-phonon scattering rates Eq.(2), which are written as:
for absorption (+) and emission (-) processes [66, 67] . It does not involve the cubic force constants, but shows the volume in the phase space where energy and momentum are conserved in a three-phonon process. The larger the scattering phase space, the larger the three-phonon scattering rate. We also calculated the elastic constants and thermal expansion by using thermo-pw [68] code implemented as a utility of QE to compute thermodynamic properties.
Convergence studies:
To study the convergence with respect to the cutoff range of the cubic force constants, we plot in Fig. 2 the final thermal conductivity and average Gruneisen parameter at room temperature and under zero pressure ,as a function of the cutoff distance. It can be inferred that the results converge for 11 neighbors, corresponding to a cutoff distance of 4 Å. In our calculation of thermal properties we have however used and reported the results with 7 neighbors. One can see that the converged values of the Gruneisen parameters are approximately 7% larger and the converged thermal conductivities are 15% lower. This does not change the results of our discussions and figures in the paper as we are mostly discussing trends and relative contributions. The only exception being the absolute thermal conductivities in Fig. 5 and scattering rates in Fig. 9 where they are plotted on a log scale. A 15% change is however invisible on this scale. So all figures present in this paper remain to a great degree unchanged if more neighbors were to be included. 
Results

Phonon dispersion and elastic properties of hexagonal BC 2 N
The phonon dispersion in the equilibrium geometry, Fig.3 (a), is in good agreement with the first-principles calculations reported in Ref. [53] . The corresponding phonon density of states with contributions from each element of hexagonal BC 2 N is shown in Fig.3(b) . Phonon modes at frequencies higher than 32 THz are dominantly due to vibrations of C atoms (stiffer C-C bonds), while below this frequency the three elements have almost equal contributions. As can be seen in Fig.3(a) , the frequencies of all phonon modes are positive, which reveals the dynamical stability of hexagonal BC 2 N. The elastic constants of hexagonal BC 2 N at 0 GPa were also calculated. For a hexagonal structure, there are five independent elastic constants. The calculated elastic constants are given in table 2 in comparison with previous theoretical studies for hexagonal BC 2 N, c−BN, and diamond. On the basis of Born stability criteria, the elastic constants for a hexagonal structure should satisfy the following elastic stability criteria: C 44 > 0, C 11 − C 12 > 0, and C 33 (C 11 +C 12 )-2C 2 13 > 0 ( 66 = ( 11 − 12 )∕2 ) [69] . These results reveal that the Hexagonal BC 2 N is mechanically stable. In the VoigtâĂŞReussâĂŞHill (VRH) approximation which models elastic properties of polycrystalline materials, the bulk modulus (B), shear modulus (G), Young modulus (E), and Poisson ratio ( ) are also given in table 2. According to Pugh âĂŹs rule, ductile behavior is exhibited in materials when B/G>1.75, otherwise the materials behave in a brittle manner. For BC 2 N, B/G=0.90<1.75, which shows it may be brittle. According to the rule proposed by Frantsevich, a brittle behavior is exhibited in materials when <0. 26 , otherwise the materials behave in a ductile manner. For BC 2 N, =0.094<0.26, which is in agreement with Pugh's rule. All elastic constants and elastic moduli values are consistent with previous theoretical studies [53, 70] . The results of these studies for the Vickers hardness are 70.34
GPa, and 71 Gpa, which are close to the experimental value of 76 GPa. They have also shown that the hardness increases notably with compressive strain [70] . The obtained moduli and hardness values are intermediate between that of c-BN and diamond [71] .
In our calculations, we have used the lattice constant obtained at zero-temperature. For higher temperatures, the lattice constant increases due to thermal expansion. The latter is proportional to the Gruneisen parameter and elastic compliance of the material. Fig. 6 shows the mode Gruneisen parameters which are between 0 and 1.5, indicating that this system is quite harmonic. The calculated thermal expansion coefficients are shown in Fig.4 . The calculated room temperature thermal expansion coefficients of hexagonal BC 2 N are 1.38 × 10 −6 and 1.60 × 10 −6 , which are more than that of diamond,1.06×10 −6 [71, 74, 75] , and c-BN,1.15×10 −6 , [76] , and closer to that of Si,2.6 × 10 −6 , [77, 78, 74] . The comparison with diamond and c-BN suggests that BC 2 N may be a better candidate for thermal management in Si-based devices than diamond. 
Thermal conductivity of hexagonal BC 2 N
In the equilibrium geometry, we have investigated the thermal conductivity of both naturally occurring and hypothetical isotopically pure hexagonal BC 2 N. Fig.5(a,b) show the temperature dependence of calculated thermal conductivity along both directions from 200 to 1000 K. The results show that at room temperature, = 1190 W/m-K, while = 2305 W/m-K, about 48% larger than due to removal of the phonon isotope scattering, which is quite large at lower temperatures. These results were obtained by considering the interaction cutoff for cubic IFCs calculations up to the seventh nearest neighbors. Table. 3 shows these results in comparison with those resulting from including up to eleven nearest neighbors in the calculation of cubic force constants. Table 3 shows that the converged results are around 10% lower than thermal conductivity obtained from 7 nearest neighboring interaction, which is invisible in log scale of Fig.5 . The thermal conductivity of hexagonal BC 2 N is evidently high due to the strong bond stiffness [53] and light mass of atoms B-C-N, which we have shown to produce extremely high phonon frequencies as well as high acoustic velocities. There is an inverse relationship between the acoustic velocity scale and the phase space for phonon-phonon scattering [11] . The high phonon-frequency scale thus reduces the phase space for three-phonon scatterings, providing another justification for the high thermal conductivity of this material.
In Fig.5 , the calculated pure lattice thermal conductivity of hexagonal BC 2 N within both relaxation time approximation (RTA) and the full iterated solution to the phonon Boltzmann equation are plotted as a function of temperature. It is evident from the figure that the RTA solution gives a poor approximation to the lattice thermal conductivity of hexagonal BC 2 N. For example, at 300 K, the full iterated thermal conductivity is about 34% higher than the result within RTA. This implies that the behavior of thermal conductivity is dominated by the normal scattering processes. This dominance manifests itself through the converged solution of the phonon BTE giving the thermal conductivity that lies higher than the RTA result. This can be compared to the case of diamond where the full thermal conductivity was 50% larger than its RTA value. [11] .
In most calculations of the lattice thermal conductivity, acoustic phonons are usually considered as the majority of heat-carrying phonons, and optical phonons provide essential scattering channels for the former [79] . This is because optical phonons have small group velocities, so they have little direct contribution to the thermal conductivity, except in the nanoscale regime [80] where the long mean free paths of acoustic phonons become strongly reduced due to the small system size. In the equilibrium geometry of hexagonal BC 2 N, as can be seen in Fig.3 and Fig.6 , there are optical phonon modes with angular frequency around 20 THz with group velocities similar to that of the acoustic modes, which makes pure-ε=0% natural-ε=0% ε=-8% ε xx ,ε yy =-8% ε zz =-8% pure-ε=0% (RTA) their contribution comparable to that of acoustic phonons. In order to illustrate this, we have calculated the contributions of different phonon branches to the lattice thermal conductivity of BC 2 N, as shown in Fig.7(a,b) . It can be seen that the contribution of TO1 and TO2 optic modes are roughly more than 8 percent in in-plane direction at room temperature, while the contribution of TA1 acoustic mode is 22 percent. Along the cross-plane direction, as shown in Fig.7 (b) , the contributions of TO1 and TO2 optic modes are more than that of LA and TA2 respectively. It is also worth mentioning, as can be seen in table.4, that the cal- culated maximum phonon frequencies of LO, transverse TA and longitudinal acoustic LA velocities of BC 2 N are close to those of diamond [11] and c-BN [9] . Fig.5(a,b) shows the temperature dependence of the calculated thermal conductivity for hexagonal BC 2 N from 200 to 1000 K under different compressive strains along the and directions, respectively. With increasing pressure, becomes larger than the corresponding P = 0 values throughout the range of temperatures. At compressive hydrostatic pressure of 8%, P=150Gpa, = 4196 W/m-K corresponding to nearly twofold increase compared to the P = 0 value. This ratio is comparable to that of diamond and c-BN, as can be seen in table5. These values are higher than those in any known material at ambient pressure and temperature. It can also be seen from blue and green lines in Fig.5(a,b) that thermal conductivity at room temperature can be increased to 2659 W/mK,1715W/m-K and 2848 W/mk, 2127W/m-K in both in-plane and cross-plane directions, by applying compressive pressure only laterally or vertically, respectively.
The effect of pressure on thermal conductivity of hexagonal BC 2 N
To understand how pressure affects the thermal conduc- tivity of hexagonal BC 2 N, we examined phonon dispersions and the corresponding phonon density of states at various pressures. These are shown in Fig.8 . As can be seen in these figures, the frequencies of all phonon modes are positive, attesting to the dynamical stability of all compressed hexagonal BC 2 N. According to simulation results, all elastic constants of compressed hexagonal BC 2 N satisfy the stabil- ity criteria. For clarity and ease of comparison, all of these phonon dispersions are superimposed on the equilibrium geometry's dispersion plotted with dashed gray lines. It can be seen that under pressure the bandwidth is increased. This has two consequences: group velocity of acoustic and optical modes have to increase, leading to a higher thermal conductivity quadratic in that increase. The second effect which is less transparent, is the reduction in the scattering phase space. As can be seen in Eq.2, a rescaling of the frequencies by a factor of leads to a rescaling of the phase space integral by a factor of −5 if we take the classical limit of the distribution function ≃ ∕ℏ or −4 − if one is at low temperature. So, assuming a simple rescaling of the frequencies under applied pressure, according to Eq.1 there is a gain of 2 from the group velocities and a gain of 4 or 5 from the scattering time. It is however not very clear how anharmonicity, or cubic force constants, scale with applied pressure. The Gruneisen parameter is a good indication of anharmonicity strength and will be discussed later. In reality, the scaling is not the same for all modes, and this ar-gument should just be taken as a support for explaining the increase in with pressure. Table 5 Thermal conductivity under compressive hydrostatic pressure at room temperature in comparison with its value at P=0Gpa
2305 4196 P=150 Gpa diamond [82] 3450 6880 P=125 Gpa c-BN [9] 2113 (2145 [8] ) 3400 P=150 Gpa
As we can see in Fig.8 , the scaling under hydrostatic pressure is nearly 25% while that along the direction is only about 10%. We can therefore expect the largest increase in the case of hydrostatic compression followed by in-plane and cross-plane compressions.
To highlight the connection between the optical phonon frequencies and thermal conductivity, the anharmonic scattering rates for the different pressures were calculated within the relaxation time approximation. The room temperature anharmonic scattering rates of hexagonal BC 2 N under the different pressures are compared to the anharmonic scattering rates of the equilibrium geometry in Fig.9 . The cumulative plots of frequency dependent contributions to both components of , in Fig.10(a,b) , show that thermal conductivity under each pressure is almost entirely due to phonons with angular frequency below 20 THz, corresponding to mean free paths of approximately 10 m. At compressive hydrostatic pressure of 8%, phonons with up to 20 THz contribute more than 80% to the thermal conductivity at room temperature. For this range of frequency, the scattering rates are seen to strongly decrease with pressure except for the inplane case, as can be seen in Fig.9(a-c) .
At compressive hydrostatic pressure 8%, the scattering rates are smaller than half of that of the equilibrium geometry. It can be also seen that, at compressive hydrostatic pressure 8%, the scattering rates has the lowest values, and the scattering rates from lateral compressive pressure are more than that of due to vertical compressive pressure. Frequency (THz) ε=0% ε zz =-8% ε xx ,ε yy =-8% ε=-8% Figure 11 : Weighted phase space at room temperature vs frequency for different pressures.
In Fig. 11 and 12 , we separate the role of anharmonicity strength and phase space in determining the change in the scattering rates. As can be seen in Fig.11 , and as discussed in the scaling argument, if the phonon bandwidth is increased, the scattering phase space will strongly decrease. This can be seen even in the logarithmic scale of Fig.11 . From Fig.12 , we can see that the Grunesien parameter, which is a measure of anharmonicity strength, has also strongly decreased by nearly four-fold with compressive pressure; the strongest suppression being for the hydrostatic pressure. To better understand this effect, we plot in Fig.13 the magnitude of cubic force constants as a function of bond length at various pressures. Of the 27 possible tensor elements, we have chosen the largest ones which happen to be the and components. It can be seen that IFCs along shown in Fig.13(a) are generally smaller than the components shown in Fig.13(b) . The largest components decrease under pressure. Furthermore, the decrease in the Gruneisen parameter with pressure can be explained by noting that it is inversely proportional to the square of phonon frequencies which increase with pressure.
Finally, we show in Fig.14 the contribution of different phonon branches to the lattice thermal conductivity of BC 2 N for different pressures. It can clearly be seen that the con-tribution of "other" optical phonons increases with temperature. This increase is largest for cross-plane compressions (e,f). The relative contributions do not seem to have changed much compared to the zero pressure case of Fig.7 . 
Conclusion
In this work, thermal properties of hexagonal BC 2 N, the most energetically stable B-C-N structure reported so far, were calculated. It was found that, due to the strong bond stiffness and light mass of atoms B-C-N, optical phonon frequencies, group velocities and finally the thermal conductivity are quite high and comparable to C-diamond and c-BN. Some optical phonons have group velocities similar to acoustic ones, which makes them have a large contribution to the thermal conductivity. Under 8% isotropic compressive strain, the lattice thermal conductivity, , of this material increases to 4200 W/m-K, about a factor of 2 larger than the unstrained value at room temperature. This is explained by the shift of phonon modes to higher frequencies resulting in higher group velocities and a reduction of three-phonon scattering rates due to a reduced scattering phase space. While it was shown that hexagonal BC 2 N was harder than c-BN, the large values of predicted by the first-principles theory presented here would be interesting to measure under high pressure. Finally, the larger thermal expansion coefficient, compared to diamond and c-BN makes this material attractive as a heat sink with smaller thermal strains when interfaced with Si or polycrystalline 3C-SiC which have almost no CTE mismatch with BC 2 N. Due to its large bandgap, Simatching CTE and high thermal conductivity, this material can find applications in high-power electronic devices.
